Lyapunov Equation for the Stability of 2-D Systems by Bliman, Pierre-Alexandre
HAL Id: inria-00072627
https://hal.inria.fr/inria-00072627
Submitted on 24 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
Lyapunov Equation for the Stability of 2-D Systems
Pierre-Alexandre Bliman
To cite this version:
Pierre-Alexandre Bliman. Lyapunov Equation for the Stability of 2-D Systems. [Research Report]
RR-4014, INRIA. 2000. ￿inria-00072627￿
IS
S
N
 0
24
9-
63
99
   
   
 IS
R
N
 IN
R
IA
/R
R
--
40
14
--
F
R
+
E
N
G
ap por t  
de  r ech er ch e 
THÈME 4
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
Lyapunov equation for the stability of 2-D systems
Pierre-Alexandre Bliman
N° 4014
Septembre 2000
Unité de recherche INRIA Rocquencourt
Domaine de Voluceau, Rocquencourt, BP 105, 78153 Le Chesnay Cedex (France)
Téléphone : +33 1 39 63 55 11 — Télécopie : +33 1 39 63 53 30
 
	
	 !"#$%&(')+* ,!.-/
013254647298;:<32>=@?BA@C@462EDF<313GH?%AJI
KL!MONEPRQ
SUTBVWNXZY\[^];V`_bacPO]_bdZ];VWNeV`fg[^];V`_ba
h PRfi%f;]MONEPfj_bNedZY`P6kZPf
lm_^n$PO]T%_off_
pF[^dZd@_bm;] h PqmPjL!POmjgL!PrastQvuxwOQHSyT%POdZ]PONzZmP{ouououS w>|
d,[^}+Pf
~t>>5Zoo aH];LZV`fmPOd@_bm;]>[^a[^a,[^Y`_b}oX!Pe_^];L!PjL,[^mg[bjO]POm;VW9[^];V`_ba_^[bfiBNedZ]_b];V`jf;]g[^zZVWYWVW]ic_^];L!P
mg[^];V`_ba,[^Y
f;ixf;]PONEfzviH];L!Pf_bYWb[^zZVWYWVW]iH_^[bff_%jOV\[^]P hH iv[^dZXZa!_9(PvX,[^];V`_baV`fdZm_bd@_ofP h _bmq{5fi%f;]PONEf9  ]V`ff;L!_>a
];L,[^]VWav]POm;a,[^Yf]g[^zZVWYWVW]i_^p_%PffPOmNE_ h POY@V`fPvXZVWo[^Y`POav]]_
];L!PP>[bf;VWzZVWYWVW]i_^tfg_bNEPFYWVWa!P>[^mN [^];m;V¡kVWa!PvX,[^YWVW]i
¢ £c;¤ ZmPOY\[^]P h ]_EBX,[ h mg[^];V`j  iv[^dZXZa!_9¥3XZa!jO];V`_ba!f>
¦§v¨@©ª« 5¬­o {5®fi%f;]PONEf9oVWav]POm;a,[^Y¯f;]g[^zZVWYWVW]i+%vX,[ h mg[^];V`j  iv[^dZXZa!_>XZa!jO];V`_ba!f>+YWVWa!P>[^mN [^];m;V¡kVWa!PBX,[^YWVW];V`Pf>
°±!²³7´¶µ·¸^¹7º6»6»º5¼½¾7º6¿½gÀ>Á6»ºZÂ`Ã5¾O¹ÅÄ^½gÀ9Æ¹;À>»9¹7½xÂÈÇO»bÉËÊZ³gÌÎÍÏ7Ð­ÍÒÑ5´¶ÓÔ@ÏgÌÒÕ
ÔJ³gÓÖ5Ï6×5ØFÔÑ5Ø$×eÍÒÑ^ØF³7Ù5ÍÒÑ5Ï7ÌÔ@³7ÓÏ7× µ¶Ø;³;ÚOØÐÛÌÒÏ7²
Ü É ÝÉ Þ.É Ü É ßÉ´¶×Ý­³gÍÒ´¶Ï6×^³7µ+à%Ø$áÑ^×5´¶á;³7µbât×^´¶ÚOØÅÌÒÓÎ´ãÍÈäÏgÐxß@ÍÒÑ^ØÅ×^Ó$å>ætÌÒØÅØ$á$Ø6åÔ´ãÍÒÑÍÒÑ^ØÓÎÙ^ç5çoÏ7ÌÎÍ¯Ï7ÐB±,Ù9ÌÒÏ6çoØ;³g×Fè¯Ï6²²´¶ÓÎÓÎ´¶Ï6×Bé Ó¯àBÌ³7´¶×^´¶×5ê³g×bÖ
ë Ï6ì5´íµ¶´ãÍ3ä
Ï7ÐÞîØ$ÓÎØ;³ÌÒáÑ5ØÅÌÒÓÊZÌÒÏ6êgÌ³7²²Ø±!Þtï(ð ë Þtñtè@à¯òÈóOôgõ9ö;÷6ôø3ïÌÒØ$³7ÕÍÒÑ5ÌÒÏ7Ù^ê6Ñ´¶×
ÍÒÑ^Øá$Ï7×ÍÎÌÒÏ6µ¯ÏgÐ×^Ï7×^µ¶´¶×^Ø;³ÌÓä9ÓÍÒØ$²ÓùÒÉFà@Ñ^Ø
³7Ù9ÍÒÑ^Ï7Ì´íÓ´¶×^Ö5Ø$ì9ÍÒØ;ÖÍÒÏFÍÒÑ^Ø×^ØÍ3Ô@ÏgÌÒÕqá$ÏÏ7ÌÖ9´¶×b³gÍÒÏgÌð5Ì³7×5ú$Ï6´¶ÓÎØûB³7²×b³gì^Ñ5´¶òÈûB³7êO³ÌÎÌÒ´¶ê6Ù^Ø7åx³g×bÖÍÒÑ^Øá$ÏÏ7ÌÖ9´í×^³gÍÒÏgÌÏgÐ¯ÍÒÑ5ØêgÌÒØ$Ø$ÕqÍÒØ;³7²
Ü Ï6³7×^×5´¶ÓtàBÓÎ´í×5´í³7Ó$åbÐÛÏ7ÌÍÒÑ^Ø$´ãÌîÑ^ØÅµíç³7×^ÖFÓÎÙ^ç5çoÏ7ÌÎÍ;É
 
	  	
.   # Z¯"
g#$
 !qZ.-/ '.)v*

	  	  q[^a!f.jPmg[^dZd@_bm;]>+_baEdZm_bd@_ofPd@_bXZmY`Pf.f;ixf;]MONEPf{5®XZaEmf;XZYW]g[^][^a,[^Y`_b}oX!PY\[j>[^mg[bjO]Om;V`fg[^];V`_ba
h PY\[f]g[^zZVWYWVW] [bf;iBNedZ]_b];V`BX!P h PfEfi%f;]MONEPfmg[^];V`_baZa!POY`f d,[^mEY\[f_bYWo[^zZVWYWVW] h XZa!PBX,[^];V`_ba h P  iv[^dZXZa!_>
[bffg_BjOVPoFa NE_baB];mP¥vX!P Y\[ dZm_bdZm;VO] h Pf;]g[^zZVWYWVW] VWaB]POm;a!P h XNE_ h MOY`P h P p_%PffPOm
Pf;]BXZVWo[^Y`POav]P Y\[
f_bYWo[^zZVWYWVW] h XZa!PVWaO}v[^YWVW]YWVWa>[^VWmPFN [^];m;V`jOV`POYWY`Po%_bzZ]POavX!Pd,[^m;];VWm h P_ba!jO];V`_ba!f h P  iv[^dZXZa!_9 vX,[ h mg[^];V`BX!Pf>
 « > ©  	  TBixf;]MONEPf{5xf;]g[^zZVWYWVW]VWav]POm;a!PoxÎ_ba!jO];V`_ba!f h P  iv[^dZXZa!_9¥BX,[ h mg[^];V`BX!Pf>xVWaO}v[^YWVW]fYWVWa>[^VWmPf
N [^];m;V`jOV`POYWY`Pf>
 
		 !#"$%&')(+*-,./012 |
3 4 	F,@ 
65î	
 ]V`f[POYWY¡!7Ba!_9aËdZm_bd@POm;]i¥];L,[^]];L!P [bf;i%NedZ]_b];V`jRf;]g[^zZVWYWVW]i_^­];L!P h V`fgjOmPO]PRf;ixf;]PON
8:9<;>=@?BAC8:9 ¢ w ¤
L!POmP AEDGFIHKJ
H xN [>i¥z¯PqPBXZVWb[^Y`POaB];YWijL,[^mg[bjO]POm;VW>P h zvi¥];L!PRf;d@PjO];mg[^YJdZm_bd¯POm;]iL
MON DQPSRUT N TOVXWZY\[K]^`_a Hb N A)c d?fegR ¢ { ¤
_bmzBi];L!P f_bYWb[^zZVWYWVW]i_^­];L!P  iv[^dZXZa!_>VWa!PBX,[^];V`_ba
hKi DQF HKJ
H R i ? i)jlk emRnA j>i A b ipo egq ¢ | ¤
KL!PqYWVWa7z@PO]PPOaH];L!Pq]_EdZm_bd@POm;];V`PfV`fN [ h PRzviX!f;VWaZ}E];L!PRBX,[ h mg[^];V`jXZa!jO];V`_ba
r _8OcIs+tvu?w8 j i 8xR ¢ Q ¤
LZV`jgL V`f
[  iv[^dZXZa!_>3XZa!jO];V`_ba_bm fi%f;]PON ¢ w ¤ L!POa i V`f f_bYWXZ];V`_ba _^];L!PEYWVWa!P>[^m N [^];m;V¡kVWa!PBX,[^YWVW]i ¢ | ¤ 
TB]g[^]P h _b];L!POm;V`fPo];LZV`feNEP>[^a!fE];L,[^] fi%f;]PON ¢ w ¤ V`f[bf;iBNedZ]_b];V`j>[^YWYWi f]g[^zZY`Py Q	z{	K$|}  VW]ed@_offPffPfE[
BX,[ h mg[^];V`j  iv[^dZXZa!_9¥3XZa!jO];V`_baH_^­];L!PÎ_bm;N ¢ Q ¤ 
KL!P}+_+[^Y_^.];L!PRdZmPfPOaB]j_baB];m;VWzZXZ];V`_baV`f]_dZmPfPOav]q[^ac[^a,[^Y`_b}oX!P_^.];LZV`fFdZm_bd¯POm;]iÎ_bm];L!P
jL,[^mg[bjO]POm;V¡
9[^];V`_bac_^­];L!PVWaB]POm;a,[^Ytf;]g[^zZVWYWVW]i¥_^.{5 f;ixf;]PONEf>
Fa(];L!Pe_ba!PL,[^a h VWav]POm;a,[^Yf;]g[^zZVWYWVW]i(_^{5 f;i%f]PONEf~U.L,[bfz¯PPOaP6kxdZmPffP h XZa h POm[f;d@PjO];mg[^Y_bm;N 
VW];L ]_E3mPBX!POa!jOio[^m;V\[^zZY`PfVWa!f]P>[ h _^_ba!PRVWa ¢ { ¤ 
Fa ];L!P_b];L!POmL,[^a h Ff;VWNedZY`PcjOY\[bff¥_^BX,[ h mg[^];V`j  iv[^dZXZa!_> 3XZa!jO];V`_ba!f¥L,[>+Pcz¯PPOa®dZm_bd¯_ofgP h Î_bm{5
f;ixf;]PONEf~U KL!Pcj_bNedZXZ]g[^];V`_ba _^R];L!POVWm¥PO+_bYWXZ];V`_ba [^Y`_baZ} ];L!PH];mg[5n$PjO]_bm;V`Pf¥_^R];L!PHf;i%f]PON XZa h POm¥f;];X h i
Y`P>[ h fF]_Ef_bNEPRf]g[^zZVWYWVW]i j_ba h VW];V`_ba!f ¢ X!f;X,[^YWYWij>[^YWY`P h (+*-, I+/m	-	 ¤ P6k%dZmPfgfP h [bfYWVWa!P>[^mN [^];m;V¡k
VWa!PBX,[^YWVW];V`Pf>[^a,[^Y`_b}oX!PE]_ ¢ | ¤ rN [5n;_bmRz@POa!P!] _^];LZV`f [^dZdZm_+[bjL YWV`PfqVWa];L!PÒ[bjO]R];L,[^]R];L!POmP P6k%V`f;]fqÎ[bf;]
[^a h d@_>POm$3XZYJaBXZNEPOm;V`j>[^Yt[^YW}+_bm;VW];LZNEf_^îmPf_bYWXZ];V`_ba¥Î_bmYWVWa!P>[^mN [^];m;V¡kVWa!PBX,[^YWVW];V`Pf~ QF_9PO+POm>!fg_bYWb[^zZVWYWVW]i
_^];L!P{5  iv[^dZXZa!_9PBX,[^];V`_baV`f_baZYWig/!	:Î_bmf;]g[^zZVWYWVW]i+%zZXZ]VWa a!_[i a!PjPffg[^m;i~¶|UKL!PFVWav+_bYW+P h
BX,[ h mg[^];V`jÎ_bm;NEf [^dZd@P>[^m[bfe];L!P f;XZN&_^]_]POm;NEf>[^a h [^mPd,[^mg[^NEPO];m;VW>P h zvi ]_f;i%NeNEPO];m;V`j h P!aZVW]P
d@_of;VW];VW+PqN [^];m;V`jPf>!VWa!f;]P>[ h _^_ba!PqVWa ¢ Q ¤ 
!XZm;];L!POm f;];X h imPO+P>[^Y`fE];L,[^]e];L!Pf;]g[^zZVWYWVW]i dZm_bd¯POm;]i V`fVWa h PP h PBXZVWo[^Y`POav]E]_c];L!Pf_bYWo[^zZVWYWVW]i _^f_bNEP
 iv[^dZXZa!_9 PvX,[^];V`_ba h POd¯POa h POaB] XZd¯_ba ];L!P(3mPBX!POa!jOi+q[ f_^j>[^YWY`P h /vK	Bz#	z#	:0*-,\ I+/m	
-	~Zx|0KL!PX!fP_^tf;X!jLË[
jgL,[^mg[bjO]POm;VW9[^];V`_baËV`f h V jOXZYW]VWadZmg[bjO];V`jPo![bfVW]VWav+_bYW+Pf];L!P+POm;V,j>[^];V`_ba
_^¯];L!Pf_bYWb[^zZVWYWVW]i
_^¯VWa!aZVW]POYWiN [^aBiYWVWa!P>[^mN [^];m;V¡k
VWa!PBX,[^YWVW];V`Pf>IYWYx];L!PfP[bfd¯PjO]fVWYWYZz@P h PO]g[^VWY`P h 3XZm;];L!POm>
POmPoxPRdZm_>%V h P [
jL,[^mg[bjO]POm;VW9[^];V`_ba_^t];L!PVWav]POm;a,[^Y­f;]g[^zZVWYWVW]idZm_bd@POm;]i¥zviYWVWa!P>[^mN [^];m;V¡kVWa!PBX,[^YWVW];V`Pf>
pF_bXZ}oLZYWiHf;d@P>[07BVWaZ}!];L!PN [^VWa(V h P>[V`f];L!P
Î_bYWY`_>VWaZ}!  a!f]P>[ h _^j_ba!f;V h POm;VWaZ} ];L!P
X!f;X,[^Yf;]g[^]Po[^m;V\[^zZY`Pfq_^
];L!Pj_ba!f;V h POmP h f;ixf;]PONEf>fg[i 8_vR!mc PX!fP
[ a!_bacNeVWaZVWN [^Yf]g[^]Po@[^YWY`_9VWaZ}];L!P X!fgP_^[^a!jOV`POaB]qb[^YWX!Pf_^
];L!Pf;]g[^]Po%NE_bmPdZmPjOV`fPOYWi{ 8>_vR!c j 8>_vR! b WUc j qqq8>_R! b{) WUc j> j Î_bm  [^a¥VWav]PO}+POm>.KL!Pf;XZdZdZY`P6NEPOaB]g[^m;i[>b[^VWY\[^zZY`PVWaxÎ_bm;N [^];V`_baLZV`jL(L,[bfz¯PPOa]PONed@_bmg[^m;VWYWiËVW}oa!_bmP h L!POa[^XZ}oNEPOav];VWaZ}];L!Pf;]g[^]Pf;d,[bjP
¢ [bf[^avi jgL!_bV`jP_^  8>_vR!c j 8>_vR! b WUc j qqq 8>_vR! b¡ WUc j¢ j j>[^aZa!_b]z@Pqd,[^m;]_^[E];mg[5n$PjO]_bm;iL!POa
 k W ¤ ZV`f];L!POamPOVWav];m_ h X!jP h L!POaËPf;];VWN [^];VWaZ}E];L!Pqo[^m;V\[^];V`_baË_^];L!PRj>[^a h V h [^]P  iv[^dZXZa!_>¥XZa!jO];V`_ba ] ];XZm;a!f_bXZ]
];L,[^]];L!P YWVWa!P>[^mN [^];m;V¡kVWa!PvX,[^YWVW];V`Pf
Î_bXZa h zBi];LZV`f
[^dZdZm_+[bjgL j_ba!f;];VW];XZ]P	//l	z
/!	:qf]g[^zZVWYWVW]ij_ba h VW];V`_ba!f>­dZm_>%V h P h ];L,[^]
POa!_bXZ}oL f;XZdZdZY`PONEPOaB]g[^m;iVWaxÎ_bm;N [^];V`_ba V`fj_ba!f;V h POmP h ¢ L!POa
 V`fRY\[^m;}+PEPOa!_bXZ}oL ¤ dZmPjOV`fPEf;]g[^]PONEPOaB]
[^a h [ j_bNedZY`PO]PEdZm_%_^_^];LZV`fÒ[bjO] j_ba!f;];VW];XZ]PE];L!Pej_bmP _^];L!PdZmPfPOaB]Fd,[^d@POm>  a d,[^m;];V`jOXZY\[^m>  iv[^dZXZa!_>Ë];L!P_bm;i V`fa!_b]FX!fP h L!POmP]_EdZm_9+P ];L!Pf;]g[^zZVWYWVW]i+zZXZ]Fmg[^];L!POm[bf[
}oXZV h POYWVWa!Po,VWaË_bm h POm]_!a h [ h PBX,[^]P [^YW}+POzZmg[^V`j j_ba h VW];V`_ba!fF_^f]g[^zZVWYWVW]i+
ÞtÞ ×£m¤6õ9ö'¤
Q  @!*C$<+	z $| 2 	
KL!PdZm_bzZY`PON V`fdZmPfgPOav]P h VWaNE_bmP h PO]g[^VWY`fR[^a h ];L!P
z,[bjv7%}om_bXZa h V`fmPj>[^YWY`P h VWa T%PjO];V`_ba{x KL!P
N [^VWa
mPf;XZYW]V`fPOavXZa!jOV\[^]P h VWacT%PjO];V`_baH|x  ]fdZm_B_^V`f}oVW+POa VWaT%PjO];V`_ba Q!
KL!PFa!_b]g[^];V`_ba!f[^mPFBXZVW]Pf]g[^a h [^m h  a H  e J
H f;]g[^a h mPf;d¯PjO];VW+POYWiE_bm];L!PV h POav];VW]i N [^];m;V¡k_^îfVW>P
	H[^a h];L!PFavXZYWY@N [^];m;V¡k_^îf;VW>P	 ¢ f;VWNedZYWi [^zZzZmPO%V\[^]P h e H L!POa ? 	 ¤ ­KL!Pm_ba!Pjv7+POmdZm_ h X!jO]V`f h POa!_b]P h KL!Pqfd¯PjO];mg[^Y@mg[ h VWX!f[^a h N [5kxVWN [^Yf;VWaZ}oXZY\[^mo[^YWX!Pq_^[N [^];m;V¡k [^mPmPf;d@PjO];VW+POYWi h POa!_b]P h _  c [^a h   KL!Pqj_babn$XZ}v[^]P[^a h ];mg[^a!fgj_babnÅXZ}v[^]PR_^,[^mP h POa!_b]P h  j [^a h  I 
'  ¯	F	 	  " 5¯
	  _ba!f;V h POm];L!P_bYWY`_9VWaZ}pF_BPffgPOmf]g[^]P6f;d,[bjPNE_ h POY ¢ VWaZdZXZ][^a h _bXZ];dZXZ] h _qa!_b][^dZd¯P>[^m>%[bf_ba!PV`fVWaB]POmPf;]P h
VWa VWaB]POm;a,[^Ytf;]g[^zZVWYWVW]i_baZYWi ¤h P!a!P h zviy~Ww>{0
8 =`_  WR!mc@?BAC8 = _vR!mc   8!0_vR!c/R
8!0_vR!  WUc ?#")8 = _vR!c %$ 8!0_vR!c q ¢  ¤
KLZV`fNE_ h POYV`fNE_bmP¥f;XZVW]g[^zZY`PÎ_bm
_bXZm}+_+[^YÒzZXZ]];L!PmPf;XZYW]f
]_cz¯PPOavXZa!jOV\[^]P h [^dZdZYWi [^Y`f_c]_Ë];L!P¥_b];L!POm>
PBXZVWb[^Y`POaB]>%NE_ h POY`f_^î{5 f;ixf;]PONEf>+Pf;d@PjOV\[^YWYWi !_bm;a,[bf;VWaZV¡ £ [^mjL!PfVWaZV  fNE_ h POY~UPOmPF[^a h VWa ];L!PFfPvX!POYÒ
A DQF H'&J
H(& R  DQF H'&J
H') R*"pDGF H')#J
H'& R $ DGF H+)
J
H+) R
Î_bmjPOm;]g[^VWa,	 =R 	 !ZD-/.0`e21 TBi%f]PON ¢  ¤ V`f[bf;i%NedZ]_b];V`j>[^YWYWi f;]g[^zZY`PV¡[^a h _baZYWiV¡ ~0
M _ N =R N ! cSDP ! RT N =0T%RUT N !+TVfWCY\[K]^3 a H & b N =A b N = 
b N !4" a H') b N ! $65 d?feR
_bmPBXZVWo[^Y`POav];YWi87  _-A)c o W [^a hgMON DQPSRUT N T VfWZY  _ N "_a H(& b N A)c:9 = f%$ c o W q ¢  ¤
 al~0];L!PÎ_bYWY`_>VWaZ} a!_baZa!PO}v[^];VW+Pf;]g[^]PXZa!jO];V`_ba V`fj_ba!fV h POmP h
r _vR!c s+tvu?w8 =`_R!mc jIi =8 = _vR!mc  8;!U_R!mc jIi !/8!_vR!c q
P!aZVWaZ}yr ==`_vR!c stu?w8 =`_  WR!c j i =8¢=`_  WR!mc  8;!U_R!  WUc j i !/8!_vR!  WUc îVW]V`fRf;L!_>a ];L!POmPE];L,[^]>V¡];L!PvX,[^aB];VW]i{r _vR!mc b r == _R!mc V`f a!PO}v[^];VW+Po_bm
avXZYWYV¡ 8 = _vR!mc ? e  8 ! _vR!mc? e ­];L!POa f;i%f]PON ¢  ¤ V`f[bf;i%NedZ]_b];V`j>[^YWYWi f;]g[^zZY`Po  a];L!PqdZmPfPOaB]j>[bfPo
r == _vR!c b r _vR!mc ? 3 8¢=`_vR!mc8;!_vR!mc 5 j< 3 8 = _vR!mc8!0_vR!mc 5 R ¢>= ¤
L!POmP <
stu? 3 A j i =A b i = A j i =  j i =vA  j i = ?5  3 " j i !4" " j i ! $$ j i !4" $ j i ! $ b i ! 5 q
KLZV`fFf;XZ}o}+Pf;]f];L,[^]];L!PÎ_bYWY`_>VWaZ} £c Zj>[^YWY`P h (#*, 
		,
i = ? i j = k emR i !C? i j ! k emR < o e ¢A@ ¤
V`ffX jOV`POav]Î_bm[bf;i%NedZ]_b];V`jRf;]g[^zZVWYWVW]i¥_^ ¢  ¤ [^a h ];LZV`fV`fVWa h PP h ];L!P j>[bfP~UB â­ÓÎ´¶×5êÍÒÑ5Øt²³DC5´¶²Ù^²²Ï>Ö5Ù5µíÙ5Ó¯ç9ÌÒ´í×5á$´¶ç^µ¶Ø6å9Ï6×5Ø­²³$äÌÒØ$ÓÍÎÌÒ´¶áÅÍ¯ÍÒÑ^Ø­ÓÎØÍJÏ6×ÔÑ^´¶áÑÍÒÑ5Øtá$Ï7×bÖ9´¶ÍÒ´¶Ï7×^ÓJÑb³;ÚOØÍÒÏìoØîÚOØÅÌÒ´FE^Ø;Övå>ÓÎØ$Ø­Ø6É ê5ÉG HJI É
Ü ÝtÞ Ü ß
 
		 !#"$%&')(+*-,./012 
_>PO+POm>j_baB];mg[^m;i]_H];L!PHw6 j>[bfP dZmPfgPOav]P h VWa ];L!P  av];m_ h X!jO];V`_ba];LZV`f
dZm_bd¯POm;]iV`f
a!_b]a!PjPfgfg[^m;i
~¶|0  f;VWNedZY`Pq[>i]_EfPPq];L,[^]FV`f[bfÎ_bYWY`_>f6~¶|0 iR[^YWN [^ax[07%XZz¯_9BV`jgLxlt_bd@_>cY`PONeN [ ¢ fPPdZd@POa h V¡k ¤ 
j_ba h VW];V`_ba ¢A@ ¤ V`fPBXZVWb[^Y`POaB]]_
hKi ! ? i j ! k emR  _-A c o W [^a hMON DPSR
T N TVfW Y 3 N _a H(& b N A)c 9 = a H') 5 I 3 " j i ! " " j i ! $$ j i ! " $ j i ! $.b i ! 5 3 N _a H'& b N A c 9 = a H+) 5 o egR
];L,[^]V`f`L _-A c o W [^a h hKi ? i j k emR M N DQPSRUT N T VfWZY_ N " _a H'& b N A c:9 = f%$ c I i _ N " _a H'& b N A c:9 = B%$ c o i q
FaË];L!PR_b];L!POmL,[^a h  ¢  ¤ V`fjOY`P>[^m;YWiPBXZVWb[^Y`POaB]]_ _-A)c o W [^a hgMON DQP@R
T N TVfWZY h:i _ N c ? i _ N c j k emR _ N "_a H(&@b N A)c:9 = f%$ c I i _ N c_ N "_a H(&@b N A)c:9 = f%$ c o i _ N c q ¢  ¤
 ]L!POa!jP[^dZd@P>[^mf];L,[^]];L!P î£H ¢A@ ¤ V`f[ej_ba!fgPOm;b[^];VW+PRjOm;VW]POm;V`_baË_bm];L!P[bf;iBNedZ]_b];V`j f;]g[^zZVWYWVW]i_^ ¢  ¤   _bax
h VW];V`_ba ¢  ¤ V`fmP6POmP h VWa];L!PqYWVW]POmg[^];XZmP[bf[ZvK	Qz#1K	z#	 *,p I+/
	 v+	 ~0
  	 @,
#$
FXZmNEPO];L!_ h V`fz,[bfgP h _baË[^aH[ h [^dZ]g[^];V`_baH_^];L!PdZmPO%V`_bX!f_ba!Po !_bm  D-/.0`e21  h POa!_b]P
 = 	 _vR!mc stvu? 

8 = _vR!mc
8 = _vR! b WUc
8 = _vR! bx WUc
 R  ! 	 _vR!mc stu?


8 ! _vR!mc
8!_vR! b WUc
8 ! _vR! b¡) WUc
 q ¢ w>u ¤
KL!Pq+PjO]_bmf = 	  ! 	 [^mPRPOY`PONEPOav]f_^ F 	 H(&  F 	 H') mPf;d@PjO];VW+POYWi+
!m_bN ¢  ¤ _ba!P h P h X!jPf];L,[^] = 	 _  WR!mc ?E_a 	  A c  = 	 _vR!c  _a 	   c  ! 	 _vR!c/R ! 	 _vR!  WUc ?E_a 	  "6c  = 	 _vR!c  _a 	  $ c  ! 	 _vR!c q ¢ wow ¤
P!aZVWaZ}!_bm h P!aZVW]P¥d@_of;VW];VW+P¥N [^];m;V`jPf i = 	 DXF 	 H(&J 	 H'&  i ! 	 DXF 	 H')+J 	 H+) .];L!Pfgj>[^Y\[^m>.a!_baZa!PO}v[^];VW+Po
f;]g[^]Pq3XZa!jO];V`_ba
r 	 _R!mc stvu?  = 	 _vR!mc j i = 	  = 	 _vR!c   ! 	 _vR!mc j i ! 	  ! 	 _vR!c R
_ba!PqL,[bf ¢ j_bNed,[^mPRVW];L ¢>= ¤;¤
r 	 == _vR!c b r 	 _R!mc ? 3  = 	 _vR!mc ! 	 _vR!mc 5 j 3 _a 	  A c j i = 	 _a 	  A)c b i = 	 _a 	  A)c j i = 	 _a 	   c_a 	   c j i = 	 _a 	  A c _a 	   c j i = 	 _a 	   c 5
 3 _a 	  "c j i ! 	 _a 	  "c _a 	  "c j i ! 	 _a 	  $ c_a 	  $ c j i ! 	 _a 	  "c _a 	  $ c j i ! 	 _a 	  $ c b i ! 	 5 3  = 	 _R!mc ! 	 _R!mc 5 q XZ]P [^mP_baZYWicVWaB]POmPf;]P h VWa f_bNEP f;d@PjOV\[^Y.];mg[5n;PjO]_bm;V`Pf _^f;ixf;]PON ¢ wow ¤ VWa];L!P f;d,[bjP F 	 H(&  F 	 H') L
];L!_ofPLZV`jgL_bz@POi ];L!PePvX,[^];V`_ba!f ¢  ¤ L!POa 8 =  8 ! [^mP h P!a!P h zvi ¢ w>u ¤ 
KL!P 7+POiËd@_bVWav]qa!_9RJV`f];L!P
Î[bjO]
];L,[^] = 	 [^a h  ! 	 [^mPRj_ba!f;];mg[^VWa!P h zBi];L!Pq_bYWY`_9VWaZ}EV h POav];VW]i ! 	 _vR!c ? 	  = 	 _vR!c  	 8 ! _vR! b¡) WUcZR
ÞtÞ ×£m¤6õ9ö'¤
  @!*C$<+	z $| 2 	
L!POmP  	 DGF 	 H+)+J 	 H(&   	 DGF 	 H+)+J
H') [^mP h P!a!P h zvi¥VWa h X!jO];V`_ba zBi = stvu?wa H ) R  	 stu? 3  	 9 = $a H+) 5 R ¢ w>{ ¤ = s+tvu? e H') J
H'& R 	 s+tvu? 3  	 9 =  	 9 = "e H ) J  	 9 = H & e H ) J
H & 5 q ¢ w>| ¤
f[^a P6k![^NedZY`Po
 !S? 3 $a H')J5 R  ? 
 $ !$a H+)
 R  ! ? 3 e H') J
H(& "e H') J
H(& e H+) J
H(&J5 R  ? 
 e H') J
H'& " $ "e H') J
H'& e H') J
H(& "e H') J
H'& e H') J
H(& e H')J
H(&
 R)qqq
Fa!P h P h X!jPf];L,[^]
r 	  == _vR!c b r 	 _vR!mc ? 3  = 	 _R!mc8 ! _vR! b{ WUc 5 j < 	?3  = 	 _R!mc8 ! _vR! b¡) WUc 5 R
L!POmP< 	 stu? 3 a 	 H(& e 	 H'&J
H') 	  	 5 j 3 _a 	  A c j i = 	 _a 	  A)c b i = 	 _a 	  A)c j i = 	 _a 	   c_a 	   c j i = 	 _a 	  A c _a 	   c j i = 	 _a 	   c 5
 3 _a 	  "c j i ! 	 _a 	  "6c _a 	  "6c j i ! 	 _a 	  $ c_a 	  $ c j i ! 	 _a 	  "c _a 	  $ c j i ! 	 _a 	  $ c b i ! 	 5  3 a 	 H'& e 	 H(&J
H+) 	  	 5 q ¢ wOQ ¤
Fa!PV`fL!POa!jPa,[^];XZmg[^YWYWi
Y`P h ]_f;];X h iR];L!Pf_bYWo[^zZVWYWVW]i
_^];L!P_bYWY`_9VWaZ} £c  h P!a!P h bÎ_bm.[^avi  D-. 0`e 1 zBiL
i = 	 DGF 	 H'&J 	 H(& R i ! 	 DQF 	 H')+J 	 H+) R i = 	 ? i j = 	 k emR i ! 	 ? i j ! 	 k emR < 	 o emR
 v
< 	 DGF   	 H(& ; H+)  J  	 H(& ; H')   z# 	vzg" ¢ w>{ ¤ R ¢ w>| ¤ R ¢ wOQ ¤ q ¢ w  	 ¤
.j_bXZmfPox];L!PRj>[bfgP  ? W mP h X!jPf]_ ¢A@ ¤ FXZmeN [^VWa mPfXZYW]
]POYWY`f];L,[^]e];L!P¥f_bYWo[^zZVWYWVW]i _^ ¢ w  	 ¤ z@Pj_bNEPfeVWa h PP h m 0$ 	:]_c];L!P¥[bfiBNedZ]_b];V`j
f;]g[^zZVWYWVW]i_^ ¢  ¤
	 [^]];L!PqYWVWNeVW]gZL!POa  }+_BPf]_eVWa!aZVW]i+
 §B«  §  $$   	)/!/v m U$ 	
:012 ¢  ¤  0/2C!-v$$|!#"$ 
(  	K _ N = R N ! cSDGP !!
T N =0T%RUT N !+TVfWZY\[K]^3 a H'& b N = A b N = 
b N !4" a H') b N ! $ 5 d?feq
"   _ $ c o W 	zn	K N DP !
T N TVfWZY  _-A  N  _a H') b N $ c 9 = "6c o W&q
#   _-A)c o W 	zC	K N DP !
T N TVfWZY  _ N " _a H'& b N A)c 9 = f%$ c o W&q
Ü ÝtÞ Ü ß
 
		 !#"$%&')(+*-,./012 =
    v    D-/.*0`e21 Qm+ ¢ w  	 ¤  I 0-"$ 
   v    I D-/.0`e21 /m+ ! 	K   I ! ¢ w  	 ¤  /!"$  

KL!P_bmPONyw 3XZm;aZV`f;L!Pf[fPvX!POa!jPc_^ £c jOm;VW]POm;V\[x_^[^m;zZVW];mg[^m;i dZmPjOV`f;V`_ba KL!PËdZmPjOV`fV`_ba N [>i z¯P
Pf;];VWN [^]P h [bfÎ_bYWY`_>f> Fa!PN [>ijL!Pj7 m_bN ];L!PFdZm_%_^;B];L,[^][f;X jOV`POav]j_ba h VW];V`_ba¥Î_bmf_bYWb[^zZVWYWVW]i_^ ¢ w  	 ¤
V`f  _-A)c o W [^a h
	     =  N "_a H & b N A c 9 = f%$ 	  o W q
Fa ];L!P _b];L!POmL,[^a h !f;]g[^zZVWYWVW]iV`fPvXZVWo[^Y`POav] ¢ j_ba h VW];V`_baHQ!!_^KL!P_bmPON w ¤ ]_ _-A)c o W [^a h 	; 
	     =  N "_a H(& b N A c 9 = f%$ 	  ?fegq
KL!P_bmPONwE[^Y`f_dZm_9BV h Pf NE_bmPVWax_bm;N [^];V`_ba _ba];L!P
_bm;N _^[f_bYWXZ];V`_ba _^];L!PmPvX!POa!jOi h POd@POa h POav]
w6  iv[^dZXZa!_9 PvX,[^];V`_ba!f9!fPP];L!PRpFPON [^m7¥[^]];L!PRPOa h _^­];L!PdZm_%_^$
pFPON [^m7E];L,[^]];L!Pa,[^];XZmP_^];L!PmPf;XZYW]fdZmPfPOaB]P h L!POmPFV`fjOY`_ofPm_bN [RmPf;XZYW]}oVW+POazBi!_bm;a,[bf;VWaZV  $ 
~ = Zf]g[^];VWaZ}E];L,[^]];L!PR{5 f;ixf;]PON
8_  WR!  WUc ?fA=v8_vR!  WUc  A!8>_  WR!mc
V`fqf;]g[^zZY`Pg  _bm  Y\[^m;}+PePOa!_bXZ}oLJ];L!Pef;XZN _ba[^YWY vR! fX!jL(];L,[^]   ?  J_^];L!Pa!_bm;NEfq_^[^YWYdZm_ h X!jO]fVWa!jOYWX h VWaZ}  ];VWNEPf];L!PN [^];m;V¡k A= [^a h  ];VWNEPf.];L!PN [^];m;V¡k A! ¢ /#! B '`z  ¤ V`f.Y`Pfgf];L,[^aHwoIf[N [^];]POm
_^FÎ[bjO]>z@_b];L j_ba h VW];V`_ba!femP h X!jP¥];L!P h PO]POm;NeVWa,[^];V`_ba _^];L!P¥f;]g[^zZVWYWVW]i ]_cjL!Pjv7%VWaZ}V¡[cjPOm;]g[^VWa j_ba h VW];V`_ba
VWaB+_bYWBVWaZ} ];L!PN [^];m;V`jPf _^];L!PmPOdZmPfPOaB]g[^];V`_baV`f3XZY!YWY`P h Î_bmR[¥jPOm;]g[^VWa(VWav]PO}+POm  
KL!P £c j_ba h VW];V`_ba(V`ff;VWNedZY`POm]_EjL!Pj7¯
!m_bN KL!P_bmPON wN [iez@P h POm;VW+P h ];L!P_bYWY`_9VWaZ} ];LZmPP]i%d¯Pf_^@mPfXZYW]f>ItVWmf]>v_ba!PN [>i h P h X!jPf;VWNeVWY\[^m
£c jL,[^mg[bjO]POm;VW9[^];V`_ba!fÎ_bmf;]g[^zZVWYWVW]iE_^@j_baB];VWavX!_bX!f_bm.NeV¡kZP h ¢ h V`fjOmPO]P#"^j_baB];VWavX!_bX!f ¤ {5 f;ixf;]PONEf>BfPP)~Ww+v{U
L!POmP 3mPBX!POa!jOi h POd¯POa h POaB]w6  iv[^dZXZa!_>PBX,[^];V`_ba!f[^a h {5  iv[^dZXZa!_9PBX,[^];V`_ba!f
[^mP dZmPfPOav]P h _bm
];L!PfP f;i%f]PONEf>Ff[^aHP6kZ[^NedZY`PoZX!fVWaZ}e];L!PqdZm_bd¯POm;]i¥];L,[^]
MON DQPSR$n] W b NW  N 
e&% T N TVfW R
_ba!PRfL!_>f];L,[^]
M _('R N c@DP ! R)$n]*'  emRUT N TKVfWZY\[K]^ 3 'a H(& b A b*b N " a H') b N $ 5 d?fe
% M _ N =R N ! cSDQP ! R6T N =0T%RUT N !#TVfWCY [K]^ 3 a H(& b A b N = _a H(& A c b _'W  N =/c 
b N !4" a H') b N ! $ 5 d?fe
% M _ N =R N ! cSDQP ! R6T N =0T%RUT N !#TVfW
Y\[K]^ 3 a H'& b A b N =`_a H(&I A)c b N =`_a H'&I _a H(&I A)c_a H'& b A)c 9 = c 
b N ! " a H') b N ! _ " _a H'& b A)c 9 = f%$ c 5 d?fe
% M _ N =R N ! cSDQP ! R6T N =0T%RUT N !#TVfW
Y\[K]^ 3 a H'& b N =`_a H'&I A)c_a H'& b A)c 9 = b,+ N =`_a H(& b A c 9 = 
b N ! " _a H'& b A)c 9 = a H+) b N ! _ " _a H'& b A)c 9 = f%$ c 5 d?feq
KL!P¥Y\[bf;]ej_ba h VW];V`_ba L,[bf];L!P¥fg[^NEP¥f;];m;X!jO];XZmP¥];L,[^a ¢ w  	 ¤ [^a h KL!P_bmPON w[^dZdZYWV`Pf>¡Y`fg_Z.mPf;XZYW]fz,[bfP h
h VWmPjO];YWi_baËBX,[ h mg[^];V`j  iv[^dZXZa!_9¥3XZa!jO];V`_ba!f[^mPqXZa h POmdZm_b}omPff>
ÞtÞ ×£m¤6õ9ö'¤
@  @!*C$<+	z $| 2 	
T%Pj_ba h t[bf h PONE_ba!f];mg[^]P h zviHl[^a h _bY ~Ww>uU[^aBic[bf;i%NedZ]_b];V`j>[^YWYWiHf;]g[^zZY`Pe{5 f;ixf;]PON V`fq[^Y`f_¥P6kxd¯_ba!POax
];V\[^YWYWi f]g[^zZY`Po  ]N [>iEz@PVWav]POmPf];VWaZ}]_
Pf;];VWN [^]PF];L!Pmg[^]P_^Jj_baB+POm;}+POa!jP]_R>POm_
_^];L!Pf_bYWXZ];V`_ba!f9TBi%f;]PON
¢  ¤ V`fP6k%d@_ba!POav];V\[^YWYWif]g[^zZY`P VW];L mg[^]P  D _!emRWUc V¡F[^a h _baZYWi(V¡];L!Pf;i%f]PON }+_9+POm;aZVWaZ}c];L!PPO+_bYWXZ];V`_ba _^
  9   9<;   8¢= _vR!mc j 8;!_vR!mc jI j V`ff];VWYWY,[bf;iBNedZ]_b];V`j>[^YWYWiEf]g[^zZY`Po  ].V`fL!POa!jPFjOY`P>[^m.];L,[^]];LZV`f.dZm_bd¯POm;]ieN [iz¯P
jgL!Pjv7+P h avXZNEPOm;V`j>[^YWYWiË[bfVWaËKL!P_bmPON woxmPOdZY\[bjOVWaZ} AR  RJ"ZR $ mPf;d@PjO];VW+POYWi¥zvi  9 = A6R   9 =    9 = "ZR   9 = $  [bf;]>%];L!PmPf;XZYW]}oVW+POaL!POmPFd@POm;NeVW]ff;];mg[^VW}oLB]$_bm;[^m hh P h X!jO];V`_ba_^a!PjPffg[^m;i [^a h f;X jOV`POav]j_ba h VW];V`_ba!f
_^f;]g[^zZVWYWVW9[^zZVWYWVW]i _^{5 f;i%f]PONEfzvi ¢ f;]g[^]PR_bm_bXZ];dZXZ] ¤ f;]g[^];V`jÎPP h z,[bjv7@!_bmzBi h i%a,[^NeV`jÎPP h z,[bjv7_^t}oVW+POa
_bm h POm>
  ¯qH 
@.- 3
KL!PRPBXZVWo[^Y`POa!jPqz¯PO]PPOa woW,{xW,|x![^a h Q!ZV`fS7%a!_>a{~U,[^a h ];L!PqVWNedZYWV`j>[^];V`_bayx Y xxV`ff;];mg[^VW}oLB]$_bm;[^m h 
Fa!PqVWYWYtf;L!_> ];L,[^]ZxxVWNedZYWV`PfF|xW,[^a h ];L!POa ];L,[^]Q!ZVWNedZYWV`PfCx
	
 ! #"$&%'(*),+
.- /
 _ba!f;V h POm !mf;]];L,[^]];L!PÎP>[bf;VWzZVWYWVW]i_^ ¢ w  	 ¤ VWNedZYWV`Pf];L,[^]
e k 3 e 	 H'&J
H')a H+) 5 I < 	 3 e 	 H(&J
H')a H') 5 ?  j	  _a 	   c j i = 	 _a 	   c  _a 	  $ c j i ! 	 _a 	  $ c b i ! 	   	
  j	  _a 	  $ c j i ! 	 _a 	  $ c b i ! 	   	 ? $ j  j	 i ! 	  	 $ b  j	 i ! 	  	 q
KL!PqdZmPO%V`_bX!fÎ_bm;N XZY\[ [^dZd¯P>[^mf[bf[  iv[^dZXZa!_> PBX,[^];V`_ba,[^a h d@POm;NeVW]f]_efL!_> ];L,[^]  _ $ c o W P!a!Pa!_>RÎ_bm[^avi N DP [^a h _bm  D - .0`e21 ¯];L!P N [^];m;V`jPf10 = 	 _ N cZD F 	 H(&J
H'& 20 ! 	 _ N cZDF 	 H+)+J
H')[^a h3 	 _ N cSDQF   	 H'& ; H')  J
H(& zvi
0 = 	 _ N c s+tvu? 

a H(&N a H'&
N 	 9 = a H(&
 R 0 ! 	 _ N c stu?


a H+)N a H')
N 	 9 = a H+)
 R 3 	 _ N c stu? 3 0 = 	 _ N cN 	 _a H+)@b N $ c 9 = " 5 q
KL!POa
3 a 	 H(& e 	 H(&J
H+) 	  	 5 3 	 _ N c ? 3 0 = 	 _ N c 	 0 = 	 _ N c  N 	  	 _a b N $ c 9 = " 5 R
[^a h ZX!fVWaZ} ¢ w>{ ¤  ¢ w>| ¤  	 0 = 	 _ N c  N 	  	 _a b N $ c 9 = "X? 3  	 9 = 0 = 	 9 = _ N c  N 	 9 =  	 9 = _a b N $ c 9 = "N 	 _a b N $ c 9 = " 5 q
Fa!Pq];L!POaËdZm_>+PfzBi¥VWa h X!jO];V`_baË];L,[^]
3 a 	 H'& e 	 H(&J
H') 	  	 5 3 	 _ N c ? 3 a 	 H(&N a 	  _a H')@b N $ c 9 = " 5 0 = 	 _ N cZq
Ü ÝtÞ Ü ß
 
		 !#"$%&')(+*-,./012 
!m_bN ];L!Pqf_bYWb[^zZVWYWVW]i_^ ¢ w  	 ¤ _ba!PL!POa!jP h P h X!jPf];L,[^]>%Î_bm[^avi N DQP f;X!jgL];L,[^] a b N $ V`fVWav+POm;];VWzZY`Po
e k 3 	 _ N c I < 	 3 	 _ N c
?
 3 a 	 H'&N a 	  _a b N $ c 9 = " 5 0 = 	 _ N c  I  3 _a 	  A)c j i = 	 _a 	  A c b i = 	 _a 	  A)c j i = 	 _a 	   c_a 	   c j i = 	 _a 	  A)c _a 	   c j i = 	 _a 	   c 5
 3 _a 	  "c j i ! 	 _a 	  "c _a 	  "6c j i ! 	 _a 	  $ c_a 	  $ c j i ! 	 _a 	  "c _a 	  $ c j i ! 	 _a 	  $ c b i ! 	 5  3 a 	 H'&N a 	  _a b N $ c 9 = " 5 0 = 	 _ N c
?  _a 	  _-A  N  _a b N $ c 9 = "cc 0 = 	 _ N c I i = 	 _a 	  _-A  N  _a b N $ c 9 = "6cc 0 = 	 _ N c
b 0 = 	 _ N c I i = 	 0 = 	 _ N c  _'W b T N T ! c  _a 	  _a b N $ c 9 = "6c 0 = 	 _ N c I i ! 	 _a 	  _a b N $ c 9 = "c 0 = 	 _ N c
? _-A  N  _a b N $ c 9 = "6c I 0 = 	 _ N c I i = 	 0 = 	 _ N c_-A  N  _a b N $ c 9 = "6c
b 0 = 	 _ N c I i = 	 0 = 	 _ N c  _'W b T N T ! c  _a b N $ c 9 = "  I 0 ! 	 _ N c I i ! 	 0 ! 	 _ N c I _a b N $ c 9 = " q
 ad,[^m;];V`jOXZY\[^m>!V¡ T N TVfW ¢ [^a h ];L!POa a b N $ VWaB+POm;];VWzZY`Po[bf  _ $ c o WUc ¤ Z];LZV`fi%V`POY h f
0 = 	 _ N c I i = 	 0 = 	 _ N c k  A  N  _a b N $ c 9 = "  I 0 = 	 _ N c I i = 	 0 = 	 _ N c  A  N  _a b N $ c 9 = "  q
f];L!PqN [^];m;V¡k0 = 	 _ N c I i = 	 0 = 	 _ N c V`fd@_of;VW];VW+P h P!aZVW]Po!_ba!P h P h X!jPf];L,[^]Î_bm[^avi N f;X!jgL];L,[^] T N TVfW 
];L!PeN [^];m;V¡k A  N  _a b N $ c 9 = " 3XZY!YWY`f
[  iv[^dZXZa!_> PvX,[^];V`_ba­f_  _-A  N  _a b N $ c 9 = "c o W  KLZV`f[bjgLZV`PO+Pf];L!PqdZm_%_^_^­];L!PVWNedZYWV`j>[^];V`_bayx Y |x
	
 ! #"$&%'(*) 	
.- 

 Fa!P)!mf;]];mg[^a!f$Î_bm;NEfj_ba h VW];V`_ba Q!  ]V`fPOYWY¡!7Ba!_9aË];L,[^]>xÎ_bm[^avifBX,[^mPN [^];m;V¡k,r _  c o W % 	;   	  ?Xe % h  I R 
		  	 °   	  o W
¢ L!POmP];L!PfgPj_ba h PvXZVWo[^Y`POa!jPV`f_bzZ]g[^VWa!P h X!f;VWaZ}q];L!PÎ[bjO]];L,[^].];L!PN [^];m;V¡ka!_bm;N VWa h X!jP h zvi
];L!PPOX!jOYWV h V\[^a
a!_bm;N V`ff;XZzZN XZYW];VWdZYWV`j>[^];VW+P ¤  Fa!PqL!POa!jP h P h X!jPf];L,[^]j_ba h VW];V`_ba Q!ZV`fVWa h PP h m 0$ 	:]_
MON DQP@R0T N T VXWCY\[K]^`_a H(& b N A)c d?fe [^a h h  I D-%.0`e21R 
		  	 °  N "_a H(& b N A)c 9 = f%$  	  o W q ¢ w  ¤
 Fa!PRa!_> ];mg[^a!f$Î_bm;NEf ¢ w  	 ¤ PO+POY`_bdZVWaZ} ];L!P !mf]]POm;N VWa < 	 Y`P>[ h f]_];L!PqV h POav];VW]i
3 a 	 H(& e 	 H(&J
H+) 	  	 5 j 3 _a 	  A)c j i = 	 _a 	  A)c b i = 	 _a 	  A c j i = 	 _a 	   c_a 	   c j i = 	 _a 	  A c _a 	   c j i = 	 _a 	   c 5 3 a 	 H(& e 	 H'&J
H') 	  	 5
?  _a 	  A c  _a 	   c  	 _a 	   c  	  j i = 	  _a 	  A c  _a 	   c  	 _a 	   c  	 
b  a 	 H & e 	 H & J
H )  j i = 	  a 	 H & e 	 H & J
H )  j q

(m;VW];]POaXZa h POm];LZV`fÎ_bm;N @_ba!P N [>iH[^dZdZYWi,R[^YWN [^ax[07%XZz¯_9BV`jgLxlt_bd@_>(Y`PONeN [ ¢ fPPdZd@POa h V¡k ¤ ]_ ¢ w  	 ¤ 
POa!_b];VWaZ}
 	 ?  	 _ N c stvu? N _a 	 H(& b N _a 	  A c b N _a 	   c  	 c 9 = R
[efX jOV`POav]j_ba h VW];V`_baË_bmf_bYWo[^zZVWYWVW]i_^ ¢ w  	 ¤ [^dZd¯P>[^mf]_z¯P
hKi ! 	 ? i j ! 	 k emR MON DQPSRUT N T VfWZY\[K]^ _a 	 H(& b N _a 	  A c b N _a 	   c  	 c d?fe [^a h
q  I 3 _a 	  "6c j i ! 	 _a 	  "6c _a 	  "6c j i ! 	 _a 	  $ c_a 	  $ c j i ! 	 _a 	  "c _a 	  $ c j i ! 	 _a 	  $ c b i ! 	 5 3 a 	 H(& e 	 H(&J
H+) 	  	 5 3  	 _ N c_a 	   c  	a H') 5 o e R
ÞtÞ ×£m¤6õ9ö'¤
w>u  @!*C$<+	z $| 2 	
L!POmP ];L!P h _b]RVWa];L!PEzZmg[bjv7+PO]f
L,[bfR]_z@PmPOdZY\[bjP h zvi];L!PeY\[bf;]R]_HN [^];m;V`jPf>t];L,[^] V`f L h:i ! 	 ? i j ! 	 k
emR MON DQPSRUT N T VfWZY\[K]^ _a H(& b N A)c d?fe [^a h
 _a 	  "6c  	 _a 	   c  	  _a 	  $ c_ 	  	 _a 	   c  	   	 c  I i ! 	  _a 	  "6c  	 _a 	   c  	  _a 	  $ c_ 	  	 _a 	   c  	   	 c o   	  	 _a 	   c  	  	  I  I	 i ! 	  	   	  	 _a 	   c  	  	  q ¢ w = ¤
 PO]X!ff;VWNedZYWV¡i];L!PfgPRP6k%dZmPfgf;V`_ba!f>Zm_bN ¢ w>| ¤  ¢ w>{ ¤ Z_ba!Pq}+PO]f];L,[^]
 	 _ N c ? N 3 a   	 9 = H(& b N _a 	 9 =  A)c b N _a 	 9 =   c  	 9 = b N _a 	 9 =   c  	 9 = "e H'&J  	 9 = H'& a H(& b N A 5 9 =
? 3  	 9 = N  	 9 = _a 	 9 =   c  	 9 = "_a H & b N A c 9 =e H(&J  	 9 = H'& N _a H(& b N A)c 9 = 5 R
_a 	   c  	 ? 3 _a 	 9 =   c  	 9 = $ 5 q
KLZV`fd¯POm;NeVW]f]_ Pf;]g[^zZYWV`f;L];L,[^]
 	 _a 	   c  	 ? 3  	 9 = _a 	 9 =   c  	 9 = _ N " _a H'& b N A c 9 = f%$ cN _a H(& b N A)c 9 =  5 R
[^a h ];L!POa  	  	 _a 	   c  	  	 ? 3   	 9 =  	 9 = _a 	 9 =   c  	 9 =  	 9 =  _ N " _a H'& b N A c 9 = f%$ ca H') 5
[^a h
_a 	  "6c  	 _a 	   c  	  _a 	  $ c_ 	  	 _a 	   c  	  	 c
? 3  _a 	 9 =  "c  	 9 = _a 	 9 =   c  	 9 =  _a 	 9 =  $ c_ 	 9 =  	 9 = _a 	 9 =   c  	 9 =  	 9 = c  _ N " _a H'& b N A c 9 = f/$ cN "_a H(& b N A c 9 = f%$ 5 q
T%_Z!_ba!PRdZm_>+PfmPjOXZmfVW+POYWi];L,[^]
_a 	  "c  	 _a 	   c  	  _a 	  $ c_ 	  	 _a 	   c  	  	 c ? 
  N " _a H'&@b N A c 9 = B%$ 	N "_a H(& b N A)c 9 = B $
 R ¢ w @ ¤
 	  	 _a 	   c  	  	 ? 
  N "_a H(& b N A)c 9 = B $  	 9 =
a H')
 q ¢ w  ¤
K­[07BVWaZ} i ! 	 ? a 	 H+) !_ba!PZ!a,[^YWYWi¥}+PO]fm_bN ¢ w = ¤ ];L,[^]F[&/!	: j_ba h VW];V`_baË_bmmP>[^YWVW9[^];V`_bac_^xxV`f
h  I D - .0`e21R M  D -@R    I R MON DPSRUT N TOVfW Y\[K]^ _a H(& b N A c)d?fe [^a h  N " _a H'& b N A c 9 = f%$ 	  o W q¢ {ou ¤
  aE%V`PO _^ ¢ w  ¤ [^a h ¢ {ou ¤ vVW].mPON [^VWa!f>vVWa _bm h POm]_dZm_9+P];L,[^]Q!bVWNedZYWV`PfSxW+]_ f;L!_> ];L,[^]_ba!PN [iejL!_%_ofP
VWa ¢ w  ¤ ];L!P
VWa h P6k  m	K 2 $%m;] N DxP  T N T VW RKL!P!a,[^Y.[^m;}oXZNEPOaB]>z,[bfP h _baj_bNed,[bjOVW]i+îV`fVW]fPOY¡h Pj_bNed@_ofP h VWaB]_e]_Ed,[^m;]f>  ]VWYWYz@Pqf;L!_>aQ!mf;]];L,[^] ¢ w  ¤ VWNedZYWV`Pf
h  D-/.*0`e21R MON DQPSRUT N T VfWZY\[K]^ _a H(& b N A)c d?fe [^a h  N "_a H(&@b N A)c:9 = B $  	  o W q ¢ {xw ¤
[^a h ];L!POaË];L,[^] ¢ {xw ¤ VWNedZYWV`Pf ¢ {ou ¤ 
Ü ÝtÞ Ü ß
 
		 !#"$%&')(+*-,./012 wow
 ,_bm  D-/.0`e21 !Y`PO]   	 stu? 0 N DP T N TVfWR  N "_a H b N A)c 9 = f%$  	   W'1 q i¥j_bav];VWaBXZVW]i+¯];L!PRfPO]f  	 [^mPRjOY`_ofgP h ,[^a h L!POa!jPRj_bNed,[bjO]> £ _bmP_>+POm>
N D   ! 	 Y WV  N " _a Hb N A c 9 = f%$ ! 	  V  N "_a H & b N A)c 9 = f%$  	  ! Y N D   	 q
POa!jP  ! 	   	 %Î_bmF[^avi  D-%.*0`e21 KL!PRfPBX!POa!jP  !	 V`f];LBX!fF[fPBX!POa!jPR_^a!Pf;]P h j_bNed,[bjO]fPO]f9ff;XZNEPEa!_>r];L,[^] ¢ {xw ¤h _%PfRa!_b] L!_bY h     _-A cgdo W t];L!POa ¢ w  ¤Rh _BPfRa!_b] L!_bY h F];L!POm;V`fPot_bm [^aBi
 D - .0`e21 !];L!PqfPO]f
  	 [^mPqa!_ba!PONedZ]i+  ad,[^m;];V`jOXZY\[^m>
hN D	    !	 R
];L,[^]V`f
hN  DQPSRUT N  TVfWR M  D - R  N  "_a b N  A)c 9 = B%$  !    Wq
POa!jPo
M  D-%.0`e21R 
		  	 °  N  " _a b N  A c 9 = f%$ 	   WR
[^a h ¢ w  ¤h _BPfa!_b]L!_bY h POVW];L!POm> Fa!PqL,[bfL!POa!jPRdZm_>+P h zBij_baB];mg[ h V`jO];V`_baH];L,[^] ¢ w  ¤ VWNedZYWV`Pf ¢ {xw ¤ 
  PO]X!fFdZm_9+P a!_9 ];L,[^] ¢ {xw ¤ VWNedZYWV`Pf ¢ {ou ¤ TBXZdZd@_ofP];L,[^] ¢ {xw ¤ L!_bY h f>J[^a h Y`PO]  I D -%.0`e21 [^a h = k ez@Pqf;X!jLË];L,[^]
MON DQPSRUT N TOVfWZY [K]^ _a H'& b N A c d?Xe [^a h  N " _a H'& b N A)c 9 = f%$ 	 °  V  = o W q
P!a!P [^Y`f_
 ! stvu?   	 
	      =  N "_a H(&@b N A)c 9 = B $  	    D 0`emRqqq0R  I b W'1 q
KL!POa  ! V`fS!aZVW]Po_>RZk  I;I D - .0`e21 f;X!jgL];L,[^]
 I;I k 3 b  ! =  + 5  I R
[^a h Y`PO]  D -  N D}P z¯P
f;X!jLc];L,[^]    I;I [^a h T N TOVEW POa!_b]P [^a h  ];L!P
vX!_b];V`POaB]R[^a h ];L!PmPf;]_^];L!PRPOX!jOYWV h V\[^a h VWBV`fV`_ba _^  zBi  I x];L,[^]V`f L D - R  D 0`emRWRqqqR  I b W'1R  ?   I   q
pFPON [^m7];L,[^]    I;I VWNedZYWV`Pf   b  ! =  W k b  ! = q ¢ {o{ ¤
KL!POa N "_a H(&@b N A)c:9 = B%$  	  V  N "_a H(& b N A c:9 = f%$ 	 ° "!  N "_a H(& b N A c:9 =  %$$#  V  ! =  ! o WR
h X!P]_ ¢ {o{ ¤ [^a h ];L!PFÎ[bjO]];L,[^]  = o W Zm_bN ¢ {xw ¤ x_ba!PL,[bfL!POa!jP h P h X!jP h ];L!PP6kxV`f;]POa!jP_^  I;I f;X!jL¥];L,[^]
M  D-SR    I;I R MON DGPSRT N T VfWCY [K]^`_a H(& b N A c)d?fe [^a h  N " _a H'&@b N A)c 9 = B%$ 	  o WR
];L,[^]V`f ¢ {ou ¤ 
Kt_HfXZNeN [^m;VW>PoVW] L,[bfz¯PPOa f;X!jjPff;VW+POYWi f;L!_>a ];L,[^] L  _ba h VW];V`_ba Q! % ¢ w  ¤  ¢ {ou ¤ Y  _ba h VW];V`_ba xW
¢ w  ¤ Y ¢ {xw ¤  ¢ {xw ¤ Y ¢ {ou ¤ KLZV`ff;L!_9f@!a,[^YWYWi ];L,[^]j_ba h VW];V`_baQ!xVWNedZYWV`Pfj_ba h VW];V`_ba xWZ[^a h j_ba!jOYWX h Pf];L!P
dZm_%_^_^KL!P_bmPON wo
ÞtÞ ×£m¤6õ9ö'¤
w>{  @!*C$<+	z $| 2 	
§ Z  q  i ! 	 XZY!YWY`f ¢ w = ¤ ¢ ];L,[^]V`f>];L!POmP¥P6kxV`f;]f i = 	 f;X!jL ];L,[^] _ i = 	 R i ! 	 c V`ff_bYWXZ];V`_ba _^ ¢ w  	 ¤;¤ 
];L!POa ¢ w @ ¤  ¢ w  ¤ f;L!_>];L,[^] ¢  ¤ V`fXZY!YWY`P h VW];L i _ N c jL!_ofPOa[bf
i _ N cIs+tvu?

  N " _a H'& b N A c 9 = B%$ 	 9 =
a H+)
 I i ! 	 
  N "_a H(& b N A)c 9 = B%$  	 9 =
a H')
 q
  
	  #g-/	R)
	 
"qv5@q) . #.- -/
KL!PR_bYWY`_9VWaZ}EÎ_bm;N _^R[^YWN [^ax[07BXZz@_>%V`jLxl­_bd¯_9HY`PONeN [EV`fX!fP h ~Wwow  PO] ApDQFIHKJ
H>R  DFHJOR  ? j DGF  <H ;   J H ;   VW];L
 a H e HJ   3 a He 
J
H 5  emq ¢ {o| ¤
§     	K 2  ? 
$  $$%	 ¢ {o| ¤ !  $$  	&  !12	:vmU$<	:
   v   i ? i j DGF HKJ
H ! / 0z#  	K1 ! /Qm  3 A j i A b i A j i  j i A  j i  5 o eq
   _-A)c o W 	z ! 	K N DQP   T N T#? W !
3 _ N a H b A c 9 = a  5 I  3 _ N a H6b A)c 9 = a  5 o eQq

£ [5kxVWN XZN NE_ h XZYWX!fdZm;VWa!jOVWdZY`P d¯POm;NeVW]f]_EmPOdZY\[bjPRPvXZVWo[^Y`POav];YWi ¢ VWV ¤ zBiL _-A)c o W 	z ! 	K N DQP   T N TVBW !
3 N _a H b N A c 9 = a  5 I  3 N _a H b N A c 9 = a  5 o egq
 ¯	5­
~Ww l­ F}v[^];L!_7BYWV`f>  _ba h VW];V`_ba!f¥_bm];L!P{5 jgL,[^mg[bjO]POm;V`f;];V`jd¯_bYWi%a!_bNeV\[^Yq_^
[N [^];m;V¡k ]_ z¯PH+POm;i f;];m;V`jO]
FXZm;VW];+  	  nv
 +v: 	$8 @   ¢ w  @  ¤ w>{ @ Qw>{ @ 
~¶{U l­m}v[^];L!_7%YWV`f>%T¯
!_ h [xxTB]g[^zZVWYWVW]i[^a h ];L!PN [^];m;V¡k  iv[^dZXZa!_>PBX,[^];V`_baEÎ_bm h POY\[>i h V@POmPOaB];V\[^Y@fi%f;]PONEf9
/	! #"	:$%$'& a!_ { ¢ w  @  ¤ Q!w = vQv|o{
~¶|U  ã 
 Fa h POmf_balt F}v[^];L!_7%YWV`f>)(  +*oXZm;i+ £  £ [^a!f_bXZm>qTB]g[^zZVWYWVW]i [^a h ];L!PN [^];m;V¡k  iv[^dZXZa!_>
PBX,[^];V`_baÎ_bm h V`fjOmPO]P{5 h VWNEPOa!f;V`_ba,[^Yfi%f;]PONEf9!  '	K ,"' 
UJ+_bYÒ- ~/. ©01a!_Ë| ¢ w  @  ¤
{xw0%{ =
~ Q
T¯  _>i h   2(Y13L,[b_bXZVÒ
(0,POm_ba
4
  [^Y\[07%m;V`f;LZa,[^a# I	S2  	$|!/  	 /012 	zv	:'$
b@T   £ TB];X h V`PfVWaFdZdZYWV`P h£ [^];L!PON [^];V`jfF+_bYÒw xJw ^Q
~U 
3(Y¡1F}oVWVÒ £  £  ,[^LZN i+­K_^ h VWNEPOa!f;V`_ba,[^Y h VW}oVW]g[^Y!YW]POmfRVW];L(a!_Ë_>+POm65,_> _ofjOVWYWY\[^];V`_ba!f>7
 	 I	nv
 +vy	z : 	 ; @'`/+_bYÒ ~8.9.: ©<;a!_ ¢ w  =  ¤ Q#=vQ#
Ü ÝtÞ Ü ß
 
		 !#"$%&')(+*-,./012 w>|
~U ( !_bm;a,[bf;VWaZVÒ73 £ [^mjL!Pf;VWaZVÒ­_bXZzZYWivÒVWa h P6kZP hh i%a,[^NeV`j>[^Yf;ixf;]PONEf Lqf]g[^]P6f;d,[bjPeNE_ h POY`f[^a h f;];m;X!j6
];XZmg[^YîdZm_bd¯POm;];V`Pf>  :012    ; ¢ w  =+@ ¤ = = {
~ =  (#!_bm;a,[bf;VWaZVÒ 3 £ [^mjL!PfVWaZVÒxTB]g[^zZVWYWVW]i [^a,[^YWi%f;V`f_^î{5 f;i%f]PONEf>   '	 7" :0++_bYÒ%- ~8. ©
;a!_ w>{ ¢ w  @ u ¤ w>{xw>u=w>{xw =
~ @  KqíT¯FX,[^aZ}!¯TB]g[^zZVWYWVW]iH_^]_^ h VWNEPOa!f;V`_ba,[^YmPjOXZmfVW+P)!YW]POmf>  '	K  Cz-  @$< +_bYÒ ~ ©<;
¢ w  = { ¤ w  @ w o|
~U 
  ÅT¯  X+(    PPoTB]g[^zZVWYWVW]i [^a,[^YWixf;V`feÎ_bm ]_^ h VWNEPOa!f;V`_ba,[^YRf;ixf;]PONEfe%V\[[  iv[^dZXZa!_>®[^dZdZm_+[bjL
  	#"   :0Z+_bYÒ- ~8. ©0;a!_ w ¢ w  @  ¤ xw0m @
~Ww>uU  !l­[^a h _bYî(kxd¯_ba!POaB];V\[^Ytf;]g[^zZVWYWVW]i_^{5 f;ixf;]PONEf> :012 "	:'$ ¢-1/RQ ¢ w  @ Q ¤ | @ w0%| @ 
~Wwow6
ZpF[^aB];>POm>Fa];L!PR[^YWN [^ax[07%XZz@_>%V`jLxl­_bd¯_9HY`PONeN [x U "	:  ¢-; a!_w ¢ w  ¤ = w>u
~Ww>{UpãltpF_BPffgPOm> h V`fjOmPO]P¥f;]g[^]P6f;d,[bjPNE_ h POYÎ_bmYWVWa!P>[^mVWN [^}+PdZm_%jPff;VWaZ}!   	 C!2 
"	:'$t+_bYÒ ~ -q©<;a!_w ¢ w  =  ¤ w0w>u
ÞtÞ ×£m¤6õ9ö'¤
Unité de recherche INRIA Rocquencourt
Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)
Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38330 Montbonnot-St-Martin (France)
Unité de recherche INRIA Sophia Antipolis : 2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)
Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)  	


  
ISSN 0249-6399
